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Abstract Various effective field theories in four dimensions are shown to
have exact non-trivial solutions in the limit as the number N of fields of
some type becomes large. These include extended versions of the U(N)
Gross–Neveu model, the non-linear O(N) σ-model, and the CPN−1 model.
Although these models are not renormalizable in the usual sense, the infinite
number of coupling types allows a complete cancellation of infinities. These
models provide qualitative predictions of the form of scattering amplitudes
for arbitrary momenta, but because of the infinite number of free parameters,
it is possible to derive quantitative predictions only in the limit of small
momenta. For small momenta the large-N limit provides only a modest
simplification, removing at most a finite number of diagrams to each order in
momenta, except near phase transitions, where it reduces the infinite number
of diagrams that contribute for low momenta to a finite number.
∗Electronic address: weinberg@physics.utexas.edu
I. INTRODUCTION
There are a number of instructive models that can be exactly solved in the
limit where the number N of fields becomes very large.1 Well-known examples
include the linear and non-linear σ-models,2 the Gross–Neveu model3 and the
CPN−1 model.4 In four dimensions none of these models except the linear
σ-model are conventionally renormalizable, so their large-N limit has usually
been studied either by introducing an ultraviolet cutoff, or by working in two
dimensions, where the simpler versions of these models are renormalizable.
There is an alternative approach to infinities. In effective field theories
that are not renormalizable in the usual ‘power-counting’ sense, infinities are
cancelled by renormalization of coupling constants provided we include in the
Lagrangian every interaction allowed by symmetry principles. Even though
this means that the Lagrangian contains an infinite number of interaction
terms, it is often possible to derive useful results in such theories by expanding
in power of energy rather than coupling constants.5
In this paper I will show how non-trivial finite results can be obtained
by passing to the limit of large N in various four-dimensional effective field
theories that are not renormalizable in the conventional sense. In this task
we will encounter problems both of combinatorics and of renormalization.
The combinatoric problems here can be illustrated by recalling the Gross-
Neveu model in its original form. The action is
I[ψ] =
∫
d2x
[
−ψrγµ∂µψr − (g/N)
(
ψrψr
)2]
, (1)
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where ψr is a set of N fermion fields in two spacetime dimensions, forming
the defining representation of a U(N) symmetry, and g is a constant that is
held fixed as N → ∞. As an aid to counting factors of 1/N , one cancels
the quartic term in Eq. (1) by adding an expression that is quadratic in an
auxiliary field σ, and that vanishes when σ is integrated out. This results in
the replacement of (1) with the equivalent action
I[ψ, σ] = I[ψ] + (N/4g)
∫
d2x
[
σ + (2g/N)ψrψr
]2
=
∫
d2x
[
−ψrγµ∂µψr + σψrψr + (N/4g)σ2
]
. (2)
Since the fermion field appears quadratically in Eq. (2) it may be integrated
out, yielding an effective action for σ
Γ[σ] = (N/4g)
∫
d2x σ2 − iN Tr ln (γµ∂µ − σ) (3)
The whole action for σ is proportional to N , so the contribution of graphs
with L σ-loops to the effective action for σ is suppressed by a factor N1−L.
Because this method uses the special properties of integrals over Gaussians,
it is often said that this method is limited to models in which the interaction
is a product of just two bilinear currents,6 as in Eq. (1).
There are also special problems with infinities when an auxiliary field is
introduced in order to impose some constraint on the N -component field, as
in the non-linear σ-model in four dimensions. In the original form of this
model the Lagrangian is
L = −12f 2 ∂µπr ∂µπr (4)
2
where f is an N -independent constant with the dimensions of mass, and the
scalar fields πr form an O(N) N -vector, constrained by
πrπr = N . (5)
The counting of powers of N becomes much easier if one replaces this con-
straint with a Lagrange multiplier term, so that the Lagrangian becomes
L = −12f 2 ∂µπr ∂µπr − 12f 2λ (πrπr −N) , (6)
with πr now unconstrained. Integrating out the auxiliary field λ(x) yields the
Lagrangian (4), with the πr constrained by Eq. (5). If instead we integrate
over the πr we find an effective action for the auxiliary field
Γ[λ] =
iN
2
Tr ln (✷− λ) + Nf
2
2
∫
d4xλ . (7)
Because both terms are proportional to N , the Greens functions for λ(x)
are given by using the effective action (7) in the tree approximation. As
well known, this theory is nonrenormalizable. We can see this in Eq. (7).
The field λ(x) here has dimensionality +2, so the trace term may be written
(aside from an inconsequential constant term) as
1
2 iTr ln(✷− λ) =
∫
d4x
[
I1λ+ I2λ2
]
+ Tf [λ] , (8)
where the Ia are divergent constants, and Tf [λ] is finite. The infinite term I1
can be cancelled by an infinity in the parameter f 2, leaving a finite remainder
1
2Nf
2
R
∫
d4x λ in Γ(λ), with f 2R = f
2 + 2I1. But the term I2 cannot be
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cancelled in this way. We could of course add a term proportional to λ2 to
the Lagrangian (6), with a coefficient whose infinite part cancels the infinite
constant I2 in Eq. (8), but then we would lose the constraint (5), and this
would be the linear σ-model rather than the nonlinear σ-model. If we view
this as an effective field theory then the Lagrangian (4) is just the first term
in an infinite series involving higher powers of the currents ∂µφr∂νφr and
higher derivatives, but it is not immediately obvious how these higher terms
will allow us to cancel the infinity in I2.
We run into a similar problem when an auxiliary field is introduced to
impose a condition of gauge invariance. The classic example here is the
CPN−1 model in four dimensions. This model contains a set of N complex
scalar fields ur, subject to the constraint that
u†r(x) ur(x) = N . (9)
In order that the ur(x) at each x should form a CP
N−1 manifold, we must
require the action to be invariant under ‘gauge’ transformations
δur(x) = i ǫ(x) ur(x) , (10)
with ǫ(x) an arbitrary real infinitesimal function. In the original CPN−1
model, this is accomplished by taking the action as
I = −f 2
∫
d4x (∂µur − iaµur)†(∂µur − iaµur) , (11)
where f is an N -independent constant with the dimensions of mass, and
4
aµ(x) may be defined as the bilinear
aµ ≡ −(i/2N)
(
u†r∂µur − (∂µu†r)ur
)
(12)
which under the gauge transformation (10) changes by
δaµ = ∂µǫ . (13)
Equivalently, we can replace aµ(x) in Eq. (11) with an independent auxiliary
field Aµ(x), so that the action is
I = −f 2
∫
d4x (∂µur − iAµur)†(∂µur − iAµur) . (14)
Since Aµ(x) enters quadratically in Eq. (14), the path integral over Aµ(x) is
done by giving it a value at which the action (14) is stationary with respect
to Aµ(x), which turns out to give Aµ(x) = aµ(x). To enforce the constraint
(9) we can add a Lagrange multiplier term −f 2 ∫ d4xλ (u†rur−N), with λ(x)
another auxiliary field, and ur(x) now unconstrained. Since ur(x) enters
quadratically in the action it can be integrated out, yielding an effective
action for the auxiliary fields
Γ[A, λ] = iN Tr ln
[
DµD
µ − λ
]
+Nf 2
∫
d4x λ , (15)
where here Dµ ≡ ∂µ − iAµ. Because each term is proportional to N , the
contribution of graphs with L loops to the Greens functions for λ and aµ is
suppressed by a factor N1−L. Eq. (15) displays the problem with renormal-
izabilty in four dimensions: Dimensional analysis and gauge invariance show
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that the infinite part of the trace is a linear combination of
∫
d4xλ,
∫
d4xλ2,
and
∫
d4x (∂µAν − ∂νAµ)2 with divergent coefficients, and although the infi-
nite part of the coefficient of
∫
d4xλ can be cancelled by an infinite term in
f 2, there is nothing here that can cancel the infinite coefficients of
∫
d4xλ2 or
∫
d4x (∂µAν−∂νAµ)2. Treating this as an effective field theory, we would cer-
tainly have to add terms to the action involving
∫
d4x (∂µaν − ∂νaµ)2, where
aµ is defined by Eq. (12), but this would not cancel the infinity in Γ[λ,A]
proportional to
∫
d4x (∂µAν−∂νAµ)2. We cannot add a term proportional to∫
d4x (∂µAν−∂νAµ)2 without making Aµ(x) an independent dynamical field,
thus removing the most interesting aspect of the theory, the appearance of
long-range forces in a theory without an elementary gauge field.
Finally, there is a problem that always confronts us in dealing with ef-
fective field theories: how to use a theory with an infinite number of free
parameters to derive physical predictions. As we shall see, the large N limit
can give qualitative information about the form of S-matrix elements, but
in effective field theories it is not possible actually to calculate the functions
that appear in S-matrix elements except in the low energy limit. In the ex-
tended Gross–Neveu model considered in Section II it turns out that there
are usually only a finite number of graphs that contribute to each order in
energy, whatever the value of N , so for low energy the large N limit leads
only to modest simplifications. As shown in Sections III and IV, the same
is true in the extended non-linear σ-model and the extended CPN−1 model,
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with one interesting exception: Near the phase transitions at which the bro-
ken symmetries of these models are restored, there is an infinite number of
graphs of the same order in energy, which can be summed only in the large
N limit.
The original motivation of this work was to decide whether the appearance
of a spin-one ‘photon’ in the two-dimensional CPN−1 model occurs also in
four-dimensional versions of this model, when the problem of infinities is
handled by treating the model as an effective quantum field theory. Section
IV shows that the answer to this question is yes, but as discussed in Section
V, this result is less surprising than might be supposed.
II. THE EXTENDED GROSS–NEVEU MODEL
To illustrate the use of the large N limit in effective field theories, let us
consider the general class of models with a set ofN massless fermion fields in d
spacetime dimensions, transforming according to the defining representation
of a global U(N) symmetry. Any U(N)-invariant action will be a functional
of a set of bilinear currents jℓ(x) that are invariant under U(N), such as the
currents j0 = ψrψr, j1µ = ψr∂µψr, etc. We will consider a class of extended
four-dimensional Gross–Neveu models, with an action of the form∗∗
I[ψ] = −
∫
ddx ψrγ
µ∂µψr +NF [j/N ] , (16)
∗∗The free-field action could itself be regarded as a linear term in NF [j/N ], but it is
convenient to treat it separately.
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where F [τ ] is some N -independent functional. The original Gross–Neveu
action (1) is a special case of Eq. (16), with F [j/N ] quadratic in the particular
current j0 = ψrψr. As we shall see, the N -dependence given the second term
in the action (16) makes the theory non-trivial but soluble, as in the original
Gross–Neveu model.
The action (16) may be replaced with an equivalent action
I[ψ, σ] =
∫
d4x
[
−ψrγµ∂µψr + σℓ(x)jℓ(x)
]
+NG[σ,N ] (17)
where exp{iNG[σ,N ]} is the functional Fourier transform with respect to
Nτ of exp{iNF [τ ]}
exp {iNG[σ,N ]} ≡
∫ ∏
ℓ,x
dτℓ(x) exp
{
−iN
∫
d4xσℓ(x)τℓ(x) + iNF [τ ]
}
.
(18)
Of course, exp{iNF [τ ]} is then (up to an unimportant constant factor) the
Fourier transform of exp{iNG[σ,N ]}
exp {iNF [τ ]} ∝
∫ ∏
ℓ,x
dσℓ(x) exp
{
iN
∫
d4xσℓ(x)τℓ(x) + iNG[σ,N ]
}
.
(19)
The integral over the σℓ(x) in the functional integral of exp{iI[ψ, σ]} thus
yields ∫ ∏
ℓ,x
dσℓ(x) exp{iI[ψ, σ]} ∝ exp{iI[ψ]} (20)
so the action I[ψ, σ] given by Eq. (17) is equivalent to the original action
(16).
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In the limit of large N the Fourier integral (18) may be done by setting
τℓ(x) at the stationary ‘point’ τ
σ(x) of the integrand, at which
δF [τ ]
δτℓ(x)
∣∣∣∣∣
τ=τσ
≡ σℓ(x) . (21)
so that G[σ,N ] approaches an N -independent functional, the Legendre trans-
form of F [τ ]:
G[σ,N ]→ G[σ] ≡ F [τσ]−
∫
ddx σℓ(x)τ
σ
ℓ (x) , (22)
That is, for N →∞, the action may be taken as
I[ψ, σ] =
∫
d4x
[
−ψrγµ∂µψr + σℓ(x)jℓ(x)
]
+NG[σ] . (23)
We could just as well have taken the action (23) as our starting point, with
G[σ] an arbitrary N -independent functional; the only difference would be
that then the theory would be equivalent to one with an action of the original
form (16), but with F [τ ] independent of N only in the limit N →∞.
Now, we want to calculate the quantum effective action Γ[ψ, σ], which
by definition in the tree approximation gives the same result as the sum of
all loop and tree graphs calculated using the action (23). According to the
usual prescription, we must replace ψr(x) and σℓ(x) in Eq. (23) with sums
ψr(x)+ψ
′
r(x) and σℓ(x)+σ
′
ℓ(x) and integrate over the quantum perturbations
ψ′r(x) and σ
′
ℓ(x), including only one-particle-irreducible graphs. A standard
power-counting argument gives, to leading order in 1/N ,
Γ[ψ, σ]→
∫
d4x
[
−ψrγµ∂µψr + σℓ(x)jℓ(x)
]
+NT [σ] +NG[σ] , (24)
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where T [σ] is anN -independent functional of σ, like the functional Tr ln(γµ∂µ−
σ) in Eq. (3), defined in general by the integral of a Gaussian
exp {iNT [σ]} ≡
∫ [∏
n,x
dψ′r(x)
]
exp
{
i
∫
ddx
[
−ψ′rγµ∂µψ′r + σℓ(x) j′ℓ(x)
]}
.
(25)
[To obtain Eq. (24), note first that purely fermionic loops yield a term NT [σ]
in the effective action, which just makes an additive contribution to NG[σ].
The σℓ propagators are then given by the inverse of the coefficient of the
quadratic term in NT [σ] +NG[σ], and are hence proportional to 1/N , while
the purely bosonic vertices (including those derived from T [σ]) make contri-
butions proportional to N . Thus a graph with Vσ purely bosonic vertices, Vψ
fermion–fermion–boson vertices, Iψ internal fermion lines (excluding those in
purely fermionic loops) and Iσ internal boson lines makes a contribution of
order NVσ−Iσ . But 2Vψ = 2Iψ+F , where F is the number of external fermion
lines (i.e., factors of the classical ψ field), and the number L of loops (with all
purely fermionic loops counted as bosonic vertices) is L = Iψ+Iσ−Vψ−Vσ+1,
so the number of powers of N is Vσ − Iσ = 1−L− F/2. The leading graphs
are therefore those with no loops, but the only one-particle-irreducible graphs
with no loops are those consisting of just a single vertex, which yield the re-
sult (24).]
For instance, the amplitude for fermion–fermion scattering is given to
leading order in 1/N by the tree graphs in which a single σ line is ex-
changed between the external fermions, with the vertices given by the term
10
∫
d4xσℓ(x)jℓ(x) in Eq. (24), and the σ propagator given by the inverse of
the coefficient of the quadratic term in NG[σ] + NT [σ]. Unlike the case of
the original Gross–Neveu model, the terms of higher order in 1/N arise not
only from loop graphs that correct the effective action (24), but also from
higher-order terms in G[σ,N ].
Now let’s take up the problem of renormalization in the large N limit.
Although the one-loop functional T [σ] is highly non-local, its infinite part
is ‘perturbatively local’ — that is, it is the integral of a series (in general
infinite) of products of fields and their derivatives with divergent coefficients,
of which only a finite number of terms contribute to the tree amplitude
for any given process to any finite order in momentum. In order to cancel
these infinities, it is necessary that G[σ] be a general perturbatively local
functional, subject to no constraints other than symmetry properties that
also constrain T [σ]. But any perturbatively local G[σ] can be obtained as
the Legendre transform of some perturbatively local F [τ ], provided only that
DetM 6= 0 , Mℓ x ,my ≡ δ
2G[σ]
δσℓ(x)δσm(y)
. (26)
[To see this, it is only necessary to note that the functional G[σ] is the Leg-
endre transform of a functional F [τ ] given by the inverse Legendre transform
of G[σ]:
F [τ ] = G[στ ] +
∫
ddx στℓ (x) τℓ(x) (27)
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with στ the stationary ‘point’ of the expression on the right-hand side
δG[σ]
δσℓ(x)
∣∣∣∣∣
σ=στ
= −τℓ(x) . (28)
In terms of Feynman graphs, this just says that F [τ ] is given a sum of tree
Feynman graphs calculated from the action G[σ]+
∫
ddxσℓ(x)τℓ(x), for which
the propagator is M−1ℓ x ,my. Therefore F [τ ] is perturbatively local if G[σ] is,
and if DetM 6= 0.] Furthermore, the condition that DetM 6= 0 can always
be satisfied by adding a finite quadratic term to G[σ], and subtracting the
same term from T [σ]. Apart from symmetries, the only constraint on F [τ ]
is that it be perturbatively local, so it is always possible to choose an F [τ ]
that gives whatever G[σ] is needed to cancel the infinities in T [σ].
This works out in a particularly simple way if the currents jℓ(x) have
dimensionality (in powers of mass, with h¯ = c = 1) less than the spacetime
dimensionality, so that the σℓ(x) have positive dimensionality. In this case
the infinite part T∞[σ] of T [σ] is the integral of a polynomial in the σℓ(x) and
their derivatives, with infinite constant coefficients. For instance, consider
an extended Gross–Neveu model in four dimensions, with an action of the
form
I[ψ] = −
∫
d4x ψrγ
µ∂µψr +NF [j0/N ] , (29)
where F [j0/N ] is an arbitrary even local functional of the single current
j0 = ψrψr . (30)
We take F [j/N ] even so that the action will be invariant under a discrete
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chiral symmetry transformation ψr → γ5ψr, which if unbroken keeps the
fermions massless. Here σ(x) has dimensionality +1, and chiral symmetry
tells us that the functional T [σ] defined by Eq. (25) is even in σ, so this
functional takes the form
T [σ] =
∫
d4x
[
I0 + I1σ2 + I2σ✷σ + I3σ4
]
+ Tf [σ] (31)
where the Ia are infinite constants, and Tf is a finite functional, which for
constant σ takes the well-known form7
Tf [σ] = − 1
32π2
∫
d4x σ4 ln σ2 .
The functional F [τ ] may be expanded in a series of even local operators of
increasing dimensionality
F [τ ] =
∫
d4x
[
A0 + A1τ
2 + A2τ✷τ + A3τ
4 + A4τ✷✷τ + · · ·
]
, (32)
in which case Eqs. (21) and (22) give
G[σ] =
∫
d4x
[
A0− 1
4A1
σ2+
A2
4A21
σ✷σ+
A3
16A41
σ4+
(
A4
4A21
− A
2
2
4A31
)
σ✷✷σ+· · ·
]
.
(33)
In order to cancel infinities, we must take the bare parameters as
A0 = C0 − I0 , A1 = −14 [C1 − I1]−1 , A2 =
C2 − I2
4[C1 − I1]2 ,
A3 =
C3 − I3
16[C1 − I1]4 , A4 =
C4
4[C1 − I1]2 −
[C2 − I2]2
4[C1 − I1]3 , · · ·
(34)
13
where the Ca are the finite renormalized coupling parameters that appear in
the final result
G[σ] +T [σ] =
∫
d4x
[
C0+C1σ
2+C2σ✷σ+C3σ
4+C4σ✷✷σ+ · · ·
]
+Tf [σ] .
(35)
It is important but not surprising that the infinite number of unrenormalized
constants Aa can be chosen to give finite results for Γ[σ], despite the fact
that the Gross–Neveu model is not conventionally renormalizable in four
dimensions. What is somewhat surprising is that this is possible with an
interaction given by a power series in the single current j0 = ψrψr and
its derivatives, without needing to include additional currents, such as j1µ ≡
ψr∂µψr. Although it is not necessary to include additional currents in order to
cancel infinities, in the spirit of effective field theory we really should include
all U(N)-invariant currents in the action. This complicates the cancellation
of infinities through renormalization, but as we have shown earlier, it does
not make it impossible.
What good is a theory like this, that has an infinite number of arbitrary
parameters? For an action of the form (29), the effective action (24) takes
the form
Γ[ψ, σ] = −
∫
d4x ψrγ
µ∂µψr +
∫
d4x σψrψr +NG[σ] +NT [σ] , (36)
with G[σ] + T [σ] given by Eq. (35). To calculate scattering amplitudes we
must use this as the action in the tree approximation. For instance, the
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invariant amplitude for a fermion–fermion scattering process A+B → C+D
takes the form
M(A +B → C +D) = δrArCδrBrD (u¯CuA) (u¯DuB)∆(t)
−δrArDδrBrC (u¯DuA) (u¯CuD)∆(u) , (37)
where t and u are the Mandelstam variables t = −(pA − pC)2 and u =
−(pA − pD)2, and ∆(t) is the σ propagator. This particular form of the
scattering amplitude is a consequence of the assumption that the action has
the form (29), with only the one current j0, and it is valid in the large N
limit for arbitrary values of the fermion momenta.
Unfortunately, to go further and actually calculate the propagator ∆(s)
without knowing the infinite number of free parameters in F [τ ] or G[σ], it
is necessary to take the limit of small momenta. But in this limit, little is
gained by also letting N become large.
To compare the consequences of the large N and low momentum approx-
imations, let us consider an amplitude calculated using the action (29) in the
equivalent form
I[ψ, σ] = −
∫
d4x ψrγ
µ∂µψr +
∫
d4x σψrψr +NG[σ] , (38)
with the N -dependence of G[σ] left unspecified. Take all incoming and out-
going momenta of the order of some small momentum Q, and suppose that
infinities are cancelled by renormalizing at momenta also of order Q. Fermion
propagators go as Q−1, while σ propagators go as constants (any quadratic
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terms in G[σ] involving derivatives being treated as interactions) and each
loop introduces four factors of Q, so an amplitude with Iψ internal fermion
lines and L loops goes as Qν , where
ν = 4L− Iψ +
∑
i
diVi , (39)
where Vi is the number of purely bosonic interactions of type i, and di is the
number of derivatives in such an interaction. This may be rewritten by using
the familiar formulas
2Iψ + Eψ = 2Vψ , (40)
2Iσ + Eσ =
∑
i
Vini + Vψ , (41)
and
L = Iψ + Iσ −
∑
i
Vi − Vψ + 1 , (42)
where Iσ is the number of internal σ lines, Eψ and Eσ are the numbers of
external fermion and σ lines, Vψ is the number of fermion–fermion–σ vertices,
and ni is the number of σ fields in the purely bosonic interaction of type i.
Eq. (39) then may be put in the form
ν = 2L+
∑
i
∆iVi + 2− Eψ
2
− Eσ + 2 , (43)
where
∆i = ni + di − 2 . (44)
Now, all σ interactions have either ni ≥ 4 or ni = 2 and di ≥ 2 (the term
proportional to
∫
σ2 d4x in G[σ] being treated as the kinematic action for
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the σ field), so for all purely bosonic interactions ∆i ≥ 2. A scattering
amplitude for a fixed process (i.e., Eψ and Eσ fixed) is therefore dominated
for Q → 0 by tree graphs with any number of fermion–fermion–σ vertices
but no loops and no pure σ interactions. These graphs are a subset of those
we encountered in the limit of large N , so the large N limit would introduce
no further simplification here.
The large N limit becomes relevant in the next order in Q2, which accord-
ing to Eqs. (43) and (44) is given by graphs with any number of fermion–
fermion–σ vertices and either one loop or with no loops and one pure σ
interaction with ∆i = 2. The graphs with a single interaction from G[σ] or a
single purely fermionic loop reproduce what we would find by using the large
N effective action (36) to this order in Q2. But here there is also a class
of graphs that do not appear in the large N limit: the graphs constructed
out of only fermion–fermion–σ vertices and containing a single loop, which is
not purely fermionic. (For instance, in fermion–fermion scattering these are
the graphs in which a pair of σ lines are exchanged between the fermions.)
The large N limit is therefore useful here, but not very useful, because even
without it there are only a finite number of graphs to each order in Q2. This
is just a consequence of the fact that this is a theory where all interactions
are nonrenormalizable. In the next section we will see an example where the
large N limit is much more important, because there is an infinite number
of graphs to each order in small momenta, which can not be summed except
17
in the limit of large N .
III. THE NON-LINEAR σ-MODEL: INTEGRATING IN AN ORDER
PARAMETER
Auxiliary fields are sometimes introduced to enforce constraints on the
other fields, as well as to help in counting factors of 1/N . The classic example
is the non-linear O(N) σ-model, which in its usual form has Lagrangian
(4). Here we will consider a class of extended non-linear σ-models, with
Lagrangians of the form
I[π] = −f
2
2
∫
d4x ∂µπr∂
µπr +Nf
2F [j/N ] , (45)
where πr is a set of N scalar fields, satisfying the constraint
πrπr = N ; (46)
j(x) is the O(N)-invariant scalar current with the minimum number of
derivatives
j ≡ 12∂µπr∂µπr ; (47)
f 2 is an arbitrary positive constant; and F [τ ] is a functional that, apart from
being perturbatively local and N -independent, can be chosen as we like. The
N -dependence in Eq. (45) has been chosen so that this model will be soluble
but non-trivial in the limit N →∞.
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As in the case of the extended Gross–Neveu model, we shall introduce an
auxiliary field σ(x), and replace Eq. (45) with the equivalent action
I[π, σ] = Nf 2G[σ,N ] − f 2
∫
d4x (1 + σ) j , (48)
where exp{iNf 2G[σ,N ]} is the functional Fourier transform with respect to
f 2Nτ of exp{iNf 2F [τ ]}:
exp
{
iNf 2G[σ,N ]
}
≡
∫ ∏
x
dτ(x) exp
{
iNf 2
∫
d4xσ(x)τ(x) + iNf 2F [τ ]
}
.
(49)
It is easy to see that we get back to Eq. (45) when we integrate out σ(x),
but it will be convenient instead to use the action in the form (48).
In the limit of largeN the functionalG[σ,N ] approaches anN -independent
functional given by the Legendre transform of F [τ ]
G[σ, τ ]→ G[σ] =
∫
d4x στσ + F [τσ] (50)
with τσ defined by
δF [τ ]
δτ(x)
∣∣∣∣∣
τ=τσ
= −σ(x) . (51)
At this point, it is not so obvious how infinite counterterms in the func-
tional G[σ] can be used to cancel the ultraviolet divergence proportional to
∫
d4xλ2 that is encountered when we introduce a Lagrange multiplier λ(x)
and integrate over the πr. Yet we know that this is possible, because the
cancellation of infinities is obvious in an extended linear σ model, in which
the action is an arbitrary perturbatively local functional of an unconstrained
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N -vector field φr, and from such a model it is always possible to construct
a non-linear σ-model by integrating out the massive order-parameter repre-
sented by the O(N) scalar
√
φrφr. This suggests that we should show the
cancellation of infinities in the extended non-linear σ model by using the in-
gredients appearing in Eq. (48) to construct something like a linear σ-model.
For this purpose, let us define new fields
φr ≡ f
√
1 + σ πr . (52)
Using the constraint (46), the current (47) may be written
j =
1
2f 2(1 + σ)
∂µφr∂
µφr − N
8(1 + σ)2
∂µσ ∂
µσ . (53)
Also, the constraint now reads
φrφr = Nf
2(1 + σ) (54)
and will again be imposed by introducing a Lagrange multiplier λ(x). The
action (48) is thereby replaced with the equivalent action
I[φ, σ, λ] = Nf 2G′[σ]−
∫
d4x
[
1
2λ
(
φrφr−Nf 2(1+σ)
)
+ 12∂µφr∂
µφr
]
. (55)
where
G′[σ] ≡ G[σ] + 1
8
∫
d4x
∂µσ∂
µσ
1 + σ
(56)
Now it is λ(x) rather than σ(x) that interacts with the N -vector of scalar
fields, so the φr scattering amplitude may be calculated in terms of the
effective action for λ(x) and φr(x), which is obtained by integrating out
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σ(x). The part of the action involving σ(x) is proportional to N , and does
not involve the φr(x), so we can integrate out σ(x) to leading order in 1/N
by setting σ(x) equal to the value σλ(x) where (55) is stationary with respect
to σ(x):
δG′[σ]
δσ(x)
∣∣∣∣∣
σ=σλ
= −12λ(x) . (57)
This gives an action for φr(x) and λ(x):
I[φ, λ] = NH [λ]−
∫
d4x
[
1
2∂µφr∂
µφr +
1
2λφrφr
]
, (58)
where H [λ] is another Legendre transform
H [λ] ≡ f 2G′[σλ] + 12f 2
∫
d4x λ (1 + σλ) . (59)
The same reasoning as in the previous section (with λ and πr replacing σ and
ψr) shows that to leading order in 1/N , the quantum effective action which
in tree approximation gives the complete scattering amplitude is here
Γ[φ, λ] = Γ[λ]−
∫
d4x
[
1
2∂µφr∂
µφr +
1
2λφrφr
]
. (60)
where
Γ[λ] = NH [λ] + 12iNTr ln(✷− λ) . (61)
Following the same argument as in the previous section, by choosing F [τ ] we
can make G′[σ] and H [λ] any perturbatively local functionals we like, so we
can adjust H [λ] to cancel the infinite terms in the one-loop trace Tr ln(✷−λ)
proportional to
∫
d4xλ and
∫
d4xλ2. For λ spacetime-independent, this gives
V (λ) =
Nλ2 ln(λ/M2)
64π2
+N
∞∑
n=0
cnλ
n (62)
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where the cn are model-dependent N -independent finite constants; M is a
constant that can be chosen for instance so that c2 = 1; and V [λ] is the
‘effective potential,’ defined so that for a spacetime-independent λ,
Γ[λ] = −V4 V (λ) , (63)
with V4 the spacetime volume.
To identify the possible phases of this model, we must examine the pos-
sible spacetime-independent vacuum expectation values of the fields φr and
λ, at which the effective action (60) is stationary. These phases are of two
different types:
1. Broken Symmetry Phase
In this phase the vacuum expectation value of λ(x) vanishes, while φr(x) has
a vacuum expectation
√
Nvr, given by the solution of the equation
δΓ[λ]
δλ(x)
∣∣∣∣∣
λ(x)=0
= − ∂V (λ)
∂λ
∣∣∣∣∣
λ=0
= 12Nvrvr . (64)
From Eqs. (62) and (64) we see the system will be in this phase if c1 < 0,
and that in this case vr is N -independent and given by
vrvr = −2c1 . (65)
To see the particle content of the theory in this phase, we note that the terms
in the effective action (60) of second order in the displacement of the fields
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from their equilibrium value have a coefficient matrix given in momentum
space by −12D(k), where D(k) is the matrix
Drs(k) = k2 δrs , Dλλ(k) = NA(k2) ,
Drλ(k) = Dλr(k) =
√
Nvr . (66)
Here A(k2) is an N -independent one-loop amplitude derived from the part
of Γ[λ] quadratic in λ, which is easily calculated to be
A(k2) =
ln(k2/M2)
32π2
+
∞∑
n=1
dn(k
2)n (67)
with dn another set of model-dependent finite constants, and M is a con-
stant chosen so that the constant term d0 in the sum is absent. The scalar
propagator ∆(k) = D−1(k) hence has elements
∆rs(k) =
1
k2
(
δrs − vrvs
v2 − k2A(k2)
)
, ∆λλ(k) = − k
2
N(v2 − k2A(k2)) ,
∆rλ(k) = ∆λr(k) =
vr√
N(v2 − k2A(k2)) , (68)
where v2 ≡ vrvr. The pole in ∆rs at k2 = 0 clearly arises from the Goldstone
bosons of O(N)/O(N − 1). This pole occurs only in the propagators of the
components of φr in directions perpendicular to vr. There may be other
particles associated with poles at model-dependent non-zero masses arising
from the vanishing of the denominators v2 − k2A(k2) in the propagators of
the fields vrφr and λ, but without special assumptions about H [λ] we can say
nothing about them, except that they do not mix with the Goldstone bosons.
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The invariant amplitude for Goldstone boson–Goldstone boson scattering is
given by the λ–λ element of the propagator, as
M(ap, bq → a′p′, b′q′) = 1
N
[
δabδa′b′s
v2 + sA(−s) +
δaa′δbb′t
v2 + tA(−t) +
δab′δa′bu
v2 + uA(−u)
]
,
(69)
where a, b, a′, b′ run over the Goldstone directions, from 1 to N − 1 (with
vr taken in the N -direction), and s, t, u are the usual Mandelstam variables:
s = −(p + q)2, t = −(p− p′)2, and u = −(p− q′)2.
Even with the function A(s) unknown, this specific form of the scatter-
ing amplitude is a non-trivial consequence of the action (45) in the limit of
large N . But to go further and calculate the actual value of the scattering
amplitude we need to restrict ourselves to low energies.
In the extreme low-energy limit, Eq. (69) reduces to the usual low energy
Goldstone boson scattering amplitude,8
M(ap, bq → a′p′, b′q′) −→ 4
F 2π
[
δabδa′b′ s+ δaa′δbb′ t+ δab′δa′b u
]
. (70)
provided we identify the Goldstone boson decay amplitude Fπ (equal to≈ 184
MeV for pions) as
Fπ = 2v
√
N . (71)
In this low-energy limit, nothing is gained by also taking N large.
The large N limit does produce some simplification in the terms of higher
order in energy. According to Eqs. (67), (69), and (71), the term in the
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Goldstone boson scattering amplitude of fourth order in momenta is
M (4)(ap, bq → a′p′, b′q′) = −Nδabδa′b′
2π2F 4π
s2 ln(−s/M2) + crossed terms (72)
which may be compared with the exact formula for the terms in the amplitude
of fourth order in momenta†
M
(4)
aba′b′ =
δabδa′b′
F 4π
[
− N − 3
2π2
s2 ln(−s)− 1
12π2
(u2 − s2 + 3t2) ln(−t)
− 1
12π2
(t2 − s2 + 3u2) ln(−u)− cs2 − c′(t2 + u2)
]
+ crossed terms ,
(73)
where c and c′ are unknown constants. We see that the effect of taking the
large N limit here is just to eliminate a few of the terms in Eq. (73).
Inspection of Eqs. (67) and (69) shows that not only the terms in the
scattering amplitude of second and fourth order in a generic momentum k,
but all the ‘leading log’ terms of order k2(n+1)(ln k2)n for n ≥ 0, are uniquely
determined by the first, model-independent term in Eq. (67), with no depen-
dence on the coefficients dn or the model-dependent functional H [λ]. These
are just the model-independent consequences of unitarity and the broken
O(N) symmetry alone, specialized to the case of large N . It is far easier to
calculate the leading logarithms by using a large N model and then passing
to the low energy limit where the results become model-independent, as we
†This agrees with the result of reference 5 for the physical case N = 4. The term
of form δabδa′b′s
2 ln(−s) is proportional to N − 3 rather than N − 1 because it receives
contributions from graphs that do not have index loops as well as from those that do.
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have done here, than by evaluating the model-independent leading log terms
for general N and then passing to the limit of large N , but it is still true that
to each order in energy there are only a finite number of diagrams, whether
or not we invoke the large N limit.
2. Unbroken Symmetry Phase
In this phase the vacuum expectation value of φr(x) vanishes, while λ(x) has
a vacuum expectation value λ0, given by the solution of the equation
δΓ[λ]
δλ(x)
∣∣∣∣∣
λ(x)=λ0
= − ∂V (λ)
∂λ
∣∣∣∣∣
λ=λ0
= 0 . (74)
Here the O(N) symmetry is unbroken, and in the large N limit we have a
degenerate multiplet of scalars with squared mass λ0, so the system will be in
this phase only if the stationary point λ0 of V (λ) is positive. The S-matrix
elements for these degenerate scalars are given in the limit of large N by
using the effective action (60) in the tree approximation; for instance, the
Feynman scattering amplitude is
M(rp, sq → r′p′, s′q′) =
[
δrsδr′s′∆(s) + δrr′δss′∆(t) + δrs′δr′s∆(u)
]
, (75)
where ∆ is the λ propagator, of order 1/N .
Since λ0 is generically of the same order as whatever characteristic squared
mass scale appears in the functional Γ[λ], there is no way to use the model
to make useful quantitative predictions about masses and scattering ampli-
tudes in this phase without making special assumptions about the constants
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appearing in H [λ]. From the large N limit we can only infer conclusions like
Eq. (75) about the general form of scattering amplitudes.
3. Phase Transition
As we have seen, in general without knowing all the constants cn in the
potential V (λ) we can say nothing about the masses in the unbroken sym-
metry phase except that they are O(N)-degenerate, and without knowing all
the constants dn in A(k
2) we can say nothing about the masses in the broken
symmetry phase except for the existence of a massless multiplet of Goldstone
bosons. We can do better in the case where the constants are tuned so that
the system is near the transition between the two phases.
In the unbroken symmetry phase the system is near the phase transition
if λ0 although non-zero is small. For small λ Eq. (62) becomes
V (λ)→ Nλ
2 ln(λ/M2)
64π2
+ c1λ . (76)
(Recall that M has been chosen to make c2 vanish.) Condition (74) then
becomes
c1 = −λ0 ln(e
1/2λ0/M
2)
32π2
. (77)
This has small positive solutions for λ0 as long as c1 is small and positive. On
the other hand, in the broken symmetry phase the system is near the phase
transition if vr is small, which according to Eq. (65) requires that c1 be small
and negative. Thus there is a second-order phase transition between these
two phases when c1 = 0, regardless of the values of the other cn.
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Near this phase transition in the broken symmetry phase the large N
approximation allows us to sum amplitudes to all orders in the ratio of mo-
menta to the small vacuum expectation value v, provided the momenta are
small compared with all the other mass scales characteristic of H [λ]. Eq. (68)
shows that in this case the Goldstone boson scattering amplitude has poles
at s = −m2, t = −m2, and u = −m2, with m given in terms of v by
v2 = −m2A(−m2)→ −m
2 ln(−m2/M2)
32π2
, (78)
indicating the presence of an unstable light O(N − 1)-singlet particle with
complex mass m. This is not unexpected; continuity suggests that the N −1
Goldstone bosons should be joined near the phase transition by an additional
scalar whose mass must vanish at the phase transition, in order to allow a
smooth transition to the unbroken symmetry phase, where the N degener-
ate scalars become massless at the phase transition. The mass m given by
Eq. (78) is complex because this scalar can decay into Goldstone bosons.
There are other possibilities: near the phase transition the unbroken
phase could have a degenerate multiplet of light scalars belonging to any
representation of O(N) that contains the (N − 1)-vector representation of
O(N−1), not necessarily the defining representation. The Goldstone bosons
of the broken symmetry phase would then be joined at the phase transition
with those massless scalars that are needed to fill out this representation
when O(N) is restored. Our transformation of the theory has emphasized
the possibility that near the phase transition the light degenerate multiplet
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of the unbroken phase forms an N -vector, but of course we do not know
that the c1 parameter encountered in this transformed theory is small. To
explore other possible types of phase transition, we would have to transform
the theory in other ways, and then assume that the parameter corresponding
to c1 in those transformed theories is small.
The smallness of c1 opens up a much more powerful role for the large N
approximation. The expectation value < λ > is then small or zero, and the
propagator of φ goes as k−2 for a four-momentum k which though small is
larger than < λ >. On the other hand, the term in the action of second
order in λ has a momentum-independent term which is not small near the
phase transition, so the λ propagator must be regarded as of zeroth order in
momenta. We can count powers of momentum and/or
√
c1 in any diagram
by dimensional analysis, with the fields φr and λ taken as having dimensions
one and two (in powers of momentum), respectively.
With this understanding, the action (58) contains one superrenormaliz-
able (‘relevant’) term c1B
∫
d4xλ; three renormalizable (‘marginal’) terms
−c2B
∫
d4x λ2 , − 12
∫
d4x ∂µφr ∂
µφr , − 12
∫
d4x λ φrφr ;
and an infinite number of nonrenormalizable (‘irrelevant’) terms, includ-
ing terms of second order in derivatives of λ that act as corrections to the
momentum-independent zeroth-order λ propagator. (The subscript B on c1B
and c2B indicates that these are bare couplings, chosen to give finite values to
the c1 and c2 in Eq. (62). To leading order in 1/N there is no renormalization
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of the coefficients of
∫
d4x ∂µφr ∂
µφr and
∫
d4x λ φrφr; these coefficients are
fixed to be −1/2 by a choice of normalization of λ and φr.) The presence
of a superrenormalizable term prevents an expansion in powers of momenta
alone, but near the phase transition with c1 small, we can expand any scat-
tering amplitude in powers of the over-all scale of momenta and
√
c1. The
leading term in this expansion is given by Feynman diagrams involving only
the renormalizable and superrenormalizable interactions listed above.
The presence of the renormalizable interaction
∫
d4x λ φrφr means that
there is an infinite number of multi-loop graphs of leading order in momenta
and/or
√
c1. Here the large N limit offers the huge simplification, of reducing
the complete quantum effective action to the simple form (60), only now with
H [λ] containing only terms linear and quadratic in λ:
Γ[φ, λ] = −
∫
d4x
[
1
2∂µφr∂
µφr +
1
2λφrφr
]
−Nc1B
∫
d4x λ−Nc2B
∫
d4x λ2
+ 12iN Tr ln(✷− λ) . (79)
Using Eq. (79) in the tree approximation gives the terms in scattering
amplitudes of leading order in 1/N and in small momenta and
√
c1. For
instance, in the broken symmetry phase the function A(k2) appearing in
Eqs. (66)–(69) is here simply given by the first term in Eq. (67)
A(k2) =
ln(k2/M2)
32π2
. (80)
For v → 0 there is just one solution of the equation v2 = k2A(k2) with
k2 → 0 (the only case where Eq. (80) can be trusted). This solution has
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Re k2 < 0, and corresponds to an unstable scalar particle that can decay into
pairs of Goldstone bosons.
IV. THE EXTENDED CPN−1 MODEL: INTEGRATING IN A GAUGE
FIELD
Besides helping us to count factors of 1/N and enforcing constraints on
the fields, auxiliary fields are sometimes introduced in order to enforce a
condition of gauge invariance. The leading example of this sort is the CPN−1
model,4 which in its original form has an action given by Eqs. (11) and (12).
Here we shall consider a class of extensions of the CPN−1 model in which
non-trivial finite results may be obtained in the limit of large N in four
spacetime dimensions. As we shall see, just as in its original two dimensional
version, this model has the remarkable property that a long range Coulomb
force arises even though no elementary gauge field is introduced into the
action.
The extended CPN−1 models to be considered here contain a set of N
complex scalar fields ur, subject to the constraint that
u†r(x) ur(x) = N . (81)
The action is invariant under ‘gauge’ transformations
δur(x) = i ǫ(x) ur(x) , (82)
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with ǫ(x) an arbitrary real infinitesimal function. For a soluble model which
yields non-trivial finite results, it turns out to be sufficient to take the action
in the form
I[u] = Nf 2
∫
d4x (−b+ aµaµ) +Nf 2F [a, b] (83)
where
aµ ≡ −(i/2N)
(
u†r∂µur − (∂µu†r)ur
)
, (84)
b ≡ (1/N) (∂µu†r) ∂µur , (85)
and F [a, b] is an arbitrary N -independent Lorentz-invariant perturbatively
local functional, invariant under the transformation induced by the gauge
transformation (82)
δb(x) = 2aµ(x)∂µǫ(x) , δaµ(x) = ∂µǫ(x) . (86)
The first term in Eq. (83) is a rewritten version of the action (11), (12) of
the original CPN−1 model; this term could have been included in NF [a, b],
but it is convenient to display the kinematic part of the action explicitly. In
principle we should include all SU(N)-invariant bilinear currents in addition
to aµ and b, but the effects of other currents are suppressed at small momenta,
and the addition of an arbitrary functional of aµ and b is enough to allow
the cancellation of infinities. Note that aµ(x) is now given by Eq. (84), and
is not taken as an independent field, because we will need to include terms
in F [a, b] involving ∂µaν − ∂νaµ, and we are trying to see how a Maxwell
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field can arise without its being put in from the beginning. The photon will
appear here in quite a different way.
For the sake of variety, we will take a different approach to counting
powers of 1/N here, which gives the same result as the functional Fourier
transform used in the previous sections. We introduce a pair of new auxiliary
fields αµ(x), ρµ(x) and β(x), σ(x) for each of the bilinears aµ(x) and b(x)
appearing in the action, writing Eq. (83) in the equivalent form
I = Nf 2
∫
d4x
(
− b+αµαµ+ σ (β − b) + ρµ(αµ− aµ)
)
+Nf 2F [α, β] . (87)
Integrating out the σ(x) and ρµ(x) yields delta functions which set β(x) =
b(x) and αµ(x) = aµ(x), taking us back to Eq. (83). Instead, we shall first
integrate out the αµ(x) and β(x). Since the terms in (87) that depend on
αµ(x) or β(x) are simply proportional to N and do not depend on the ur, in
the limit of large N we can set these fields equal to the values at which (87)
is stationary with respect to αµ(x) and β(x), giving
I = −Nf 2
∫
d4x
(
(1 + σ)b+ ρµaµ
)
+Nf 2G[ρ, σ] , (88)
where G is the Legendre transform of F +
∫
d4xαµα
µ
G[ρ, σ] =
[
F [α, β] +
∫
d4xαµα
µ +
∫
d4x (ρµαµ + σβ)
]
staty
(89)
with the subscript ‘staty’ meaning that we set αµ(x) and β(x) equal to values
satisfying conditions that make the quantity in square brackets stationary:
δF
δαµ(x)
= −2αµ(x)− ρµ(x) , δF
δβ(x)
= −σ(x) . (90)
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The Legendre transform of a general perturbatively local functional is
just another general perturbatively local functional, so we can regard G[ρ, σ]
as arbitrary, except for a gauge invariance condition. Using Eq. (90) and the
invariance of F [a, b] under the transformation (86), we easily see that
0 =
∫
d4x ∂µǫ
(
2αµ
δF [α, β]
δβ
+
δF [α, β]
δαµ
)
=
∫
d4x ∂µǫ
(
−2(1+σ)δG[ρ, σ]
δρµ
−ρµ
)
.
(91)
It follows that we can define a new functional
G′[ρ, σ] ≡ G[ρ, σ] + 1
4
∫
d4x
ρµρ
µ
1 + σ
(92)
that is invariant under the transformations
δρµ = −2(1 + σ)∂µǫ δσ = 0 . (93)
This suggests that we should define a gauge field
Aµ ≡ − ρµ
2(1 + σ)
, (94)
which according to Eq. (93) has the gauge transformation property
δAµ = ∂µǫ . (95)
In the original version of the CPN−1 model, F = 0, and then Eq. (90) shows
that ρµ = −2αµ = −2aµ and σ = 0, so Eq. (94) gives Aµ = aµ. But in the
general case with F 6= 0, it is incorrect to identify Aµ with aµ.
We are not yet ready to add a Lagrange multiplier term − ∫ d4xλ (u†rur−
N) and integrate out the ur fields, because then we would again encounter
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an infinite term proportional to
∫
d4xλ2, and it is not yet clear how this
could be cancelled. Instead we will first re-define the fields to introduce an
order parameter, as we did in the previous section for the non-linear σ-model.
Define
zr ≡ f
√
1 + σ ur , (96)
subject to the constraint
z†rzr = Nf
2(1 + σ) . (97)
The bilinears (84) and (85) then take the form
aµ =
−i
2f 2N(1 + σ)
(
z†r∂µzr − (∂µzr)†zr
)
(98)
b =
1
f 2N(1 + σ)
∂µz
†
r∂
µzr − 1
4(1 + σ)2
∂µσ∂
µσ . (99)
The action given by Eq. (88) now may be written
I = −
∫
d4x (Dµzr)
†Dµzr +Nf
2G′′[A, σ] , (100)
where Dµ is the gauge-covariant derivative
Dµzr ≡ ∂µzr − iAµzr , (101)
and G′′ is another arbitrary gauge-invariant perturbatively local functional
G′′[A, σ] ≡ 1
4
∫
d4x
∂µσ∂
µσ
1 + σ
+G′[ρ, σ] . (102)
Now we may enforce the constraint (97) by introducing a Lagrange mul-
tiplier term
−
∫
d4xλ
(
z†rzr −Nf 2(1 + σ)
)
, (103)
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which preserves gauge invariance if we define λ(x) to be gauge-invariant.
After integrating out the σ field, the action becomes
I = −
∫
d4x (Dµzr)
†Dµzr −
∫
d4xλz†rzr +NH [A, λ] , (104)
where H [A, λ] is yet another Legendre transform
H [A, λ] = f 2
[
G′′[A, σ] +
∫
d4x (1 + σ)λ
]
σ=σλ
(105)
with σλ(x) equal to the σ(x) at which the quantity in square brackets on the
right-hand side of Eq. (105) is stationary
δG′′[A, σ]
δσ(x)
∣∣∣∣∣
σ=σλ
= −λ(x) . (106)
The zr field is now unconstrained.
We want to calculate the effective action Γ[z, A, λ], which in the tree
approximation gives the same result as the sum of all loop and tree graphs
calculated using the action (104). Following the same reasoning as in Section
2 (with zr replacing ψr, and λ and A replacing σ), we find that this is given
to leading order in 1/N by
Γ[z, A, λ] = −
∫
d4x (Dµzr)
†Dµzr −
∫
d4xλz†rzr + Γ[A, λ] , (107)
where
Γ[A, λ] = iN Tr ln[DµD
µ − λ] +N H [A, λ] . (108)
Gauge invariance and dimensional analysis tell us that the infinite part of
the first term in Eq. (108) is a linear combination of the gauge-invariant
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functionals
∫
d4xλ,
∫
d4xλ2, and
∫
d4x (∂µAν − ∂νAµ)2. But H [A, λ] is an
arbitrary perturbatively local functional, constrained only by invariance un-
der the gauge transformation (95), so there is no problem in adjusting it to
cancel these infinities.
Like the non-linear sigma-model, the CPN−1 model can exist in several
phases, characterized here by different spacetime-independent vacuum ex-
pectation value of the scalar fields zr and λ, with A
µ(x) = 0. In analyzing
these phases, we shall make use of the fact that for Aµ(x) = 0 and λ(x)
constant, Γ[A, λ] may be expressed as in Eq. (63) in terms of an effective
potential V (λ)
Γ[0, λ] = −V4V (λ) , (109)
with V4 the spacetime volume. The effective potential here is given by a
formula like Eq. (62)
V (λ) =
Nλ2 ln(λ/M2)
32π2
+N
∞∑
n=1
cnλ
n (110)
with cn a set of new constant coefficients depending on H [0, λ], andM a new
constant that can be chosen to make c2 = 0. (The coefficient in the first
term is 1/32π2 instead of 1/64π2 because zr is complex.) In analyzing the
vector particle mass and the ‘charge’ of the zr particles, we will also need
to study the term in Γ[A, λ] of second order in the photon field for constant
λ(x), which gauge invariance requires must take the form
Γ(2)[A, λ] =
N
2
∫
d4xAµ(x) (ηµν✷− ∂µ∂ν) f(−✷, λ)Aν(x) , (111)
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Evaluating the trace in Eq. (108) gives
f(q2, λ) = − 1
16π2
∫ 1
0
dx (1−2x)2 ln
(
λ+ q2x(1 − x)
W 2
)
+
∞∑
n=0
fn(q
2)λn , (112)
where fn(q
2) are N -independent functions of q2 analytic at q2 = 0, arising
from the unknown functional H [A, λ], and W is another mass parameter,
which can be chosen to make f0(0) = 0.
1. Broken Symmetry Phase
In this phase zr(x) has a non-vanishing vacuum expectation value
√
Nvr
while the vacuum expectation values of λ(x) and Aµ(x) both vanish, which
requires that
∂V (λ)
∂λ
∣∣∣∣∣
λ=0
= −Nv2 (113)
where v2 ≡ v∗rvr. Since Γ ∝ N , vr is N -independent. For small constant λ,
the effective potential (110) is
V (λ)→ Nλ
2 ln(λ/M2)
32π2
+N c1λ (114)
Hence condition (113) gives
c1 = −v2 . (115)
In analyzing the degrees of freedom in this phase, it is very convenient to
eliminate the scalar–vector mixing in Eq. (107) by adopting unitarity gauge,
in which Im(v∗rzr) = 0. Taking vN = v real and vi = 0 for i = 1, · · ·N − 1,
this means that zN is real, while the zi are still complex. The zi are massless
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Goldstone boson fields, while zN has the same sort of mixing with λ that
we saw in the previous section; the terms in the action of second-order in λ
and/or zN −
√
Nv have a coefficient matrix given by
DNN (k2) = k2 , Dλλ(k2) = NA(k2) ,
DNλ(k) = DλN(k) =
√
Nv (116)
where now
A(k2) =
ln(k2/M2)
16π2
+
∞∑
n=1
fn(k
2)n . (117)
with fn yet another set of model-dependent constants; and M is a constant
chosen so that the term f0 in the sum is absent. The scalar mass m is given
by the condition that this have a zero determinant at k2 = −m2:
−m2A(−m2) = v2 . (118)
Without further information about the functional H [0, λ], we cannot tell
whether there actually is a massive scalar in the spectrum of zN and λ.
To study the vector particles in this phase, we note that according to
Eq. (107), the term in Γ[v, A, 0] of second order in the photon field is given
in this phase by
Γ(2)[
√
Nv,A, 0] = −Nv2
∫
d4xAµ(x)A
µ(x) + Γ(2)[A, 0] (119)
where Γ(2)[A, 0] is defined by Eq. (111). There is a vector particle of mass
µ 6= 0 if
µ2f(−µ2, 0) = 2v2 . (120)
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Without special assumptions about H [A, 0], it is not possible to tell this has
a solution, much less to calculate the vector boson mass µ. But it is clear
that any massive scalar or vector particles would have to be unstable, because
they could decay into the Goldstone bosons zi.
2. Unbroken Symmetry Phase
In this phase λ has a non-zero vacuum expectation value λ0, satisfying the
condition
∂V (λ)
∂λ
∣∣∣∣∣
λ=λ0
= 0 , (121)
which allows zr(x) as well as A
µ(x) to have vanishing expectation values.
Eq. (107) shows that in this phase the zr have squared mass λ0, so λ0 must
be positive. The photon propagator in momentum space equals
∆µν(k) =
ηµν
k2N f(k2, λ0)
+ gauge terms ,
where ‘gauge terms’ denotes gauge-dependent terms proportional to kµkν .
Because the zr for λ0 6= 0 have a finite mass the function f(k2, λ0) is analytic
at k2 = 0, so the photon here is massless. Also the renormalized gauge field
is
√
Nf(0, λ0)A
µ, so the zr charge is 1/
√
Nf(0, λ0), and is hence of order
1/
√
N . Without making special assumptions about the functional H [A, λ] it
is impossible to say anything more about the values of the zr squared mass
λ0 or the zr charge.
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3. Phase Transition
As in the case of the non-linear σ-model, we can obtain more detailed
results when the model is near a phase transition between the broken and
unbroken symmetry phases. In the unbroken symmetry phase, the model is
near this phase transition if the λ0 satisfying Eq. (121) is positive and small.
In this case Eqs. (110) and (121) give
c1 = −λ0 ln(e
1/2λ0/M
2)
16π2
(122)
which has positive small solutions for λ0 as long as c1 is small and positive.
On the other hand, in the broken symmetry phase the model is near the
phase transition if v is small, which according to Eq. (115) requires that c1 is
small and negative. Thus there is a second-order phase transition at c1 = 0,
irrespective of the values of other parameters.
To analyze the low-momentum limit near a phase transition, we note that
the action (104) contains a single superrenormalizable term −Nc1B
∫
d4xλ;
four strictly renormalizable terms
−Nc2B
∫
d4xλ2 ; − 14NZ
∫
d4x (∂µAν − ∂νAµ)2
−
∫
d4x (Dµzr)
†Dµzr ; −
∫
d4xλ z†rzr ;
and an infinite number of non-renormalizable terms. (The subscript B again
indicates bare values, adjusted to give finite values to c1 and c2 in Eq. (110).)
In the limit where c1 and all momenta are small, we can ignore the non-
renormalizable interactions, and calculate scattering amplitudes by using the
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quantum effective interaction (107) in the tree approximation, now with
Γ[A, λ] = iN Tr ln[DµD
µ − λ]−Nc1B
∫
d4xλ−Nc2B
∫
d4xλ2
−14NZ
∫
d4x (∂µAν − ∂νAµ)2 . (123)
This tells us that for example that the potential V (λ) is given by Eq. (114);
that for constant λ(x) the function f(q2, λ) appearing in the formula (111)
for the term in Γ[A, λ] of second order in the vector field is here
f(q2, λ) = − 1
16π2
∫ 1
0
dx (1− 2x)2 ln
(
λ+ q2x(1− x)
W 2
)
; (124)
and that the function A(k2) appearing in the scalar two-point function (116)
is
A(k2) =
ln(k2/M2)
32π2
. (125)
As an example of the use of these results, let’s look more closely at the
properties of the particles near the phase transition. In the unbroken sym-
metry phase for small λ0, Eq. (124) gives
f(0, λ0)→ − N
48π2
ln
(
λ0
W 2
)
(126)
This is positive but diverges for λ0 → 0, so that the zr charge 1/
√
N f(0, λ0)
vanishes at the phase transition. In the broken symmetry phase the vector
boson mass is determined by the function f(q2, 0), which for q2 → 0 is given
by Eq. (124) as
f(q2, 0)→ − 1
48π2
[
ln
(
q2
W 2
)
− 8
3
]
. (127)
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Eq. (120) for the vector boson squared mass µ2 has a single solution that
vanishes as v → 0, indicating the presence of a single light vector particle.
Also, in the broken symmetry phase near the phase transition, Eq. (118) for
the scalar mass m takes the form
−m2 ln(−m2/M2)
32π2
= v2 . (128)
This has one solution for m2 that vanishes as v → 0, indicating the presence
of single massive but light scalar particle. These solutions for µ2 and m2
both have positive real part but are complex, reflecting the fact that both of
these particles are unstable, because they can decay into pairs of Goldstone
bosons.
V. DYNAMICAL GAUGE BOSONS: A REMARK
The CPN−1 model has attracted much attention because of the appear-
ance of a massless gauge boson in a theory involving only scalar fields. It
is important to recognize that this phenomenon does not depend on the
existence of the gauge symmetry (82), or indeed on any of the symmetry
properties of the action.
This can be seen by a very general argument.9 Consider a theory that
is invariant under a gauge group G, with various matter multiplets forming
various representations of G. Suppose that one of these multiplets consists of
scalar fields, some of which have vacuum expectation values that completely
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break the gauge symmetry. Integrate out the massive gauge vector bosons
in unitarity gauge. We then have a perturbatively local effective field theory,
with no hint of the original gauge invariance. It seems pretty clear that if we
allow arbitrary interactions in the original theory, then in this way we obtain
a completely general effective field theory of the remaining fields. But this
procedure can be reversed, so out of any effective field theory with no gauge
symmetry and possibly no global symmetry we can obtain a theory with any
broken gauge symmetry.
The point is that a spontaneously broken gauge symmetry in itself has
no predictive power.10 Of course, it can have plenty of predictive power if
the gauge coupling is weak, but for this we have to fine-tune the parameters
in the action. In the CPN−1 model studied in the previous section, this
fine-tuning is achieved by the condition that c1 is small.
To illustrate the possibility of constructing a broken gauge symmetry in
an effective field theory that has no symmetry to begin with, consider a
theory of Dirac fields ψi(x) with an action of form
I[ψ] = −
∫
d4x
∑
i
ψiγ
µ∂µψi −G[ψ] (129)
where G[ψ] is an essentially arbitrary perturbatively local functional of the
fermion fields. We can choose G[ψ] so that this action has no internal sym-
metries — if we like, not even fermion conservation. This action can be
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obtained by integrating out a vector field Aµ(x) in the action
I[ψ,A] = −
∫
d4x
∑
i
ψiγ
µ∂µψi −G′[ψ]− M
2
2
∫
d4xAµA
µ
+
∫
d4xAµj
µ − 1
4
∫
d4xFµνF
µν (130)
where M is an arbitrary mass parameter; Fµν(x) ≡ ∂µAν − ∂νAµ; and
G′[ψ] ≡ G[ψ]− 1
2
∫
d4x jµ(x)
1
M2 − ✷j
µ(x)
− 1
2M2
∫
d4x ∂νj
ν(x)
1
M2 − ✷∂µj
µ(x) . (131)
where jµ(x) is the current
jµ ≡∑
i
qiψiγ
µψi , (132)
with qi an arbitrary set of real parameters. As long as M 6= 0, G′ is still
perturbatively local. The action (130) can be obtained from another action
I[ψ,A, u] = −M
2
2
∫
d4x |∂µu− iAµu|2 −
∫
d4x
∑
i
ψiγ
µ
(
∂µ − iqiAµ
)
ψi
−1
4
∫
d4xFµνF
µν +G′[ψ′] (133)
with u a scalar field constrained by |u|2 = 1, and
ψ′i ≡ ψi u−qi . (134)
The action (133) is invariant under the gauge transformation
ψi(x)→ eiqiα(x)ψi(x) , u(x)→ eiα(x)u(x) , Aµ(x)→ Aµ(x) + ∂µα(x) ,
(135)
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so the action (130) can be obtained from (133) by adopting the unitarity
gauge, in which u = 1. (The action (133) is also perturbatively local, because
in deriving perturbation theory, we expand around u = 1 rather than u = 0.)
Yet there is no trace of this gauge invariance or even global invariance in the
action (129) with which we started.
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